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WEAK AMENABILITY OF FOURIER ALGEBRAS AND LOCAL 
SYNTHESIS OF THE ANTI-DIAGONAL 

HUN HEE LEE, JEAN LUDWIG, EBRAHIM SAMEI AND NICO SPRONK 


Abstract. We show that for a connected Lie group G, its Fourier algebra 
A{G) is weakly amenable only if G is abelian. Our main new idea is to show 
that weak amenability of A{G) implies that the anti-diagonal, Aq = {(^, 9~^) • 
g £ G}, is a set of local synthesis for A{G x G). We then show that this 
cannot happen if G is non-abelian. We conclude for a locally compact group 
G, that A{G) can be weakly amenable only if it contains no closed connected 
non-abelian Lie subgroups. In particular, for a Lie group G, A{G) is weakly 
amenable if and only if its connected component of the identity Ge is abelian. 


I 

0.1. Background. Questions on the nature of bounded derivations on (commuta¬ 
tive) Banach algebras A have been around for a long time, in particular vanishing 
of bounded Hochschild cohomologies H^{A,Ai) for certain Banach A-modules A4. 
See, for example, [SiWel iKam) . Johnson systematized many of these questions in 
[Johlj . In particular, he showed that for a locally compact group G, its group 
algebra is amenable (i.e. = {0} for each dual module M*) if and 

only if G is an amenable group. He also started the problem of determining when 

Ri(Li(G),Li(G)*) = {0}. 

For a commutative Banach algebra A, Bade, Curtis and Dales I jBCDj l intro¬ 
duced the concept of weak amenability^ which is defined as having R^(A, JA) = {0} 
for all symmetric Banach modules. They observed that this is equivalent to having 
iI^(A, A*) = {0}. There is an interesting universal module also exhibited by Runde 
( [Run ] ). The above observation of [BCD] , leads us to refer to any Banach algebra 
B as weakly amenable if = {0}. Weak amenability was established for 

all L^{G) by Johnson (' [Joh2j b 

The Fourier algebras, A(G), as defined by Eymard ( jEymj ), are dual objects 
to the group algebras L^(G) in a sense which generalizes Pontryagin duality. It 
was long expected that the amenability properties enjoyed by group algebras would 
also extend to Fourier algebras. Hence it was a surprise when Johnson f [Joh3| l 
showed that A(G) fails to be weakly amenable for any compact simple Lie group, 
in particular for G = SO(3). This motivated Ruan ( [Rua] 1 to consider the operator 
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space structure A{G) inherits by virtue of being the predual of a von Neuman 
algebra. He proved that A{G) is operator amenable if and only if G is amenable. 
Operator weak amenability for general A{G) was determined by Spronk ( |Spr| ) and, 
independently, by Samei f lSamlp . The question of amenability of A{G) was settled 
by Forrest and Runde ( |FoRup : it happens exactly when G is virtually abelian. 
They also showed that if the connected component Ge is abelian, then A{G) is 
weakly amenable. The following is suggested. 

Question 0.1. If A(G) is weakly amenable, then must Ge be abelian? 

Much progress has been made in answering this question. Building on work 
of Flymen (TM) - which was written to answer a question in [Joh,!] - Forrest, 
Samei and Spronk f |FSSl) l showed that A{G) is not weakly amenable whenever G 
contains a non-abelian connected compact subgroup. Exciting recent progress was 
made by Choi and Ghandehari. In [ChGhlj they show for the affine motion group, 
and hence any simply connected semisimple Lie group, and also for the reduced 
Heisenberg group, that the Fourier algebra is not weakly amenable. In [GhGh2] 
they used completely different techniques to show the same for Heisenberg groups. 
Our main theorem generalizes all of these results. 

Let us briefly review the history of ideas around spectral synthesis. All concepts 
below will be defined in Section 11.11 The study of sets of spectral synthesis, or, 
for us, simply “synthesis”, for A{G), especially for abelian G, has a long history. 
See, for example, the historical notes in [HeRoHl §42]. Herz ( [Her] 1 appears to 
have been the first author to consider local synthesis for general G. There, he 
proved this property is enjoyed by closed subgroups. Herz’s work has inspired, 
in part, the injection theorem of Lohoue i [Loh] 1 and has motived aspects of the 
work of Ludwig and Turowska f |LuTul) l. Thanks to the existence of a bounded 
approximate identity consisting of compactly supported functions ( |Lep| ), sets of 
local synthesis are sets of synthesis when G is amenable. Weak synthesis has its 
origins in work of Varopoulos ( [Var ] ) on spheres in K" (n > 3), was used in Kirsch 
and Muller { |KiMu) 1. and was formalized by Warner { |War] 1. The first explicit 
mention of what we call smooth synthesis is by Muller ( [Mril ] ). which was applied 
to certain manifolds in R". The first use of this concept for non-abelian G is due to 
Ludwig and Turowska ( [LuTu2) 1. Following their work, Park and Samei ( [PaSa] 1 
showed that for a connected Lie group G, the anti diagonal Aq is a set of smooth 
synthesis, and also of weak synthesis for A{G x G). 

For compact G, building on work of Gr0nb*k ( |Gr0| ), the article |Joh3] used the 
failure of a weak form of spectral synthesis of the diagonal Aq = {( 9 , 9 ) '■ 9 & G} 
for the projective tensor product algebra A(G)®A(G), to obtain the failure of weak 
amenability. The local synthesis of Aq for general locally compact G was used 
by Samei l [Sam2) l to study a property which implies weak amenability of A{G). 
Returning to compact groups, the ideas of [,Ioh3] were formalized and capitalized 
upon in [FSS2] . These were used in |FSS1) to show that for compact G, A{G) is 
weakly amenable exactly when the anti-diagonal Aq = {{ 9 ,9~^) ■ 9 G G} is a set of 
synthesis for A(G x G). For groups containing open subgroups products of abelian 
groups and compact groups, i.e. G A H = A x K, this last result was extended to 
local synthesis. We recall that A(G)(i)A(G) A{G x G), generally (' [Losj l. Hence 
we do not expect obvious connections between sets of local synthesis for these two 
algebras. 
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0.2. Structure. The starting point for the present investigation lies in the afore¬ 
mentioned results of [PaSa] . Let G be a connected Lie group. We use the fact 
that Aq is simultaneously of weak and smooth synthesis for A{G x G), along with 
the characterization of weak amenability of [Run] . to show that for a connected 
Lie group, weak amenability of A{G) implies that Aq is a set of local synthesis for 
A{G X G). The techniques rely intrinsically on the Lie theory, especially having 
finite dimension for G. We see no way, at present, to extend them to arbitrary 
connected locally compact groups. 

In Section [TJ we show for any connected Lie G that that weak amenability of 
A{G) implies local synthesis of Aq for A{G x G) - a property we shall hereafter call 
“local synthesis for Gx G”. Also in that section we discuss our two main functorial 
properties satisfied by local synthesis of Aq for G x G for locally comapct G: 
the restriction to a closed connected Lie subgroup and an injection theorem with 
quotients by discrete normal subgroups. In section [2] we give a criterion for testing 
local synthesis of the anti-diagonal, and we show for five (classes of) low-dimensional 
Lie groups that this criterion is satisfied. In Section [3] we tie the investigation 
together by noting that any non-abelian connected Lie group contains one of the 
five aforementioned groups or its simply connected covering group, and use the 
functorial properties to draw our conclusion for connected G. We can thus answer 
Question 10.II affirmatively for all Lie groups. 


0.3. Basic notation. Let G be a locally compact group. The following spaces will 
be used in this note: the space Cc(G) of compactly supported continuous functions; 
and the L^-spaces with respect the left Haar measure, LP{G), p = I, 2, oo. 

We follow Eymard ( |Eym| ) for all definitions and concepts around the Eourier al¬ 
gebra A(G). We recall that A{G) consists of all matrix coefficients u{g) = {X{g)^\r]) 
where X : G ^ U{L?{G)) is the left regular representation, and ^ L'^{G). Fur¬ 
thermore, the norm is given by ||u||^ = inf {||^||2 II77II2 : u = {X{-)^\g) as above}. 
The bounded linear dual is given by the group von Neuman algebra VN{G) = 
\{G)" C B{L^{G)). If u = (A(-)Cb) e A{G) and T e VN{G) we write T{u) = 
{T^\r]). We shall denote the operator norm of an element S of VN{G) by ||5'||y^. 
We recall that the maps ui-A u {u{g) = u{g~^)) and maps of left and right transla¬ 
tion are all isometric automorphisms of A{G). We always let A(G)®A(G) denote 
the projective tensor product. We shall have no need for completely bounded maps, 
and will make no use of the operator projective tensor product, except, of course, 
implicitly, when we discuss A{G x G). 

We shall define more specialized notions in situ as their necessities arise. 


1. Weak amenability and local synthesis for the anti-diagonal 

l.I. Weak amenability implies local synthesis for the anti-diagonal. Let 

G be a locally compact group. We let Ac{G) denote the subalgebra of elements u 
of A{G) for which suppu = {g G G : u{g) 7 ^ 0} is compact. It is well known that 
the Tauherian condition holds: AdG) is dense in A{G); and that A(G) is regular 
on G: given compact K and a neighbourhood U of K, there is u in Ac(G) for which 
u\k = 1 and suppu C U. See |Eym| (3.38) and (3.2)]. 
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Given a closed subset i? of G we let 


lG{E) = {ue A{G):u\e = 0} 

Iq(E) = {u G ^c(G) : suppu n if = 0}, and 
JG{E) = lG{E)nA,{G). 


It is evident that I^iE) C Jg{E) C Ig{E). We say that if is a set of 

• spectral synthesis for G if Iq^E) = Ig[E)\ and 

• local synthesis for G if Iq^E) = Jg{E). 

For a linear subspace S C ^(G) we let = spanju'^ : u S S}. We say that E is 
a set of _ 

• weak synthesis for G if there is d in N for which Ig{E)^‘^'> C Iq{E); and 

• local weak synthesis for G if there is d in N for which Jg{E)^‘^'> C I^(E). 

We now let G be a connected Lie group and let V^G) denote the space of com¬ 
pactly supported smooth functions on G. If iF is a compact subset of G we let 
'Dk{G) = {u S E>{G) : suppu C K}, which is a Frechet space. For example, we fix 
a basis (3 = (ffi,..., Xd) for the Lie algebra g of G and for u, v in (G) set 


(l.I) 


dxu(g) = —u(g exp(tX)) , for X in g 
™ t=o 

Pp,n(u) = X! 

l<2l. .,in <d 


oo 

and pf (u, u) = ^ 

n—0 


Pp,n(u-V) 


Then given a compact neighbourhood K of the identity, T’(G) = 
is an inductive limit of Frechet spaces, a so called LF-space. See, for example, 
[Tre] ■ It follows from |Eym[ (3.26)] or |LuTu21 Lemma 3.3 and Remark 4.2], that 
22(G) C Ac{G), and each inclusion VKiG) ^ ^(G) is continuous. Furthermore, 
since 22(G) is dense in L'^{G), 'D{G) A 'D{G) * 'D{G) and {ii : u G 22(G)} = 22(G), 
22(G) is dense in A{G). 

For a closed subset if of G we let 


j'g{E)=V{G)AlG{E) 

where closure is in A{G). Since 22(G) is dense in A{G), and V{G)Jq{E) C Jq(E), 
we have that Jq{E) is an ideal in A(G). Since A(G) is regular and Tauberian we 
have inclusions Ig{E) C Jq{E) C Jg{E) C Ig{E). We say that if is a set of 

• smooth synthesis for G if Jq{E) = Ig{E); and 

• local smooth synthesis for G if Jq{E) = Jg{E). 

The projective tensor product £'^J- of two locally convex spaces £ and E is the 
completion of the algebraic tensor product £ (g) E in the final topology with respect 
to the embedding £ x E ^ £®E. The standard proof of the following, for G = 
uses techniques of Fourier analysis on Schwarz class functions. Hence we need to 
take a little care to see that it holds in our setting, though the proof is standard. 


Lemma 1.1. Let G be a connected Lie group and K and M be compact subsets of 
G. Then 'Dk(G)®'Dm(G) = 'DKxMi.G x G) linearly and homeomorphically. 
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Proof. Let us first assume that there is a neighbourhood U oi K for which there is a 
diffeomorphism ip : U ^ U' C Then the map ui-A uoip : T>k{G) —>■ 
is a linear homeomorphism. The same fact holds for M, with a neighbourhood V of 
M and a diffeomorphism -if : V ^ V G M". Thus we get linear homeomorphisms 

'DK{G)®'DMiG) = — T^kxm{G x G) 

where the middle identification is provided by [Trei Theorem 51.6], and the last 
one by the map w ^ w o x 

Generally, there are finite open covers {Gi}™ i of K and of M, such that 

each member is diffeomorphic to an open subset of M". Let {ui}ffi, {vj}^=i in T^iG) 
be smooth partitions of unity, subordinate to the respective covers. Then we obtain, 
for example, a linear homeomorphism u i—?■ ■ T^k{G) -a '^ Knu 

whose inverse is mere inclusion. Then we obtain linear homeomorphisms 

( m \ / ^ \ m n 

0 '^KnUi (G) I ® 0 '^MnVj ■(G) -00 '^KnUiXMDVj (G X G) 

/ \j=i j i=i i=i 

as above. Hence we obtain linear homeomorphisms 

m n 

Vk(G)^Vm(G) - EE ^KnUi {G)®T>m^{G) 

i=l i=l 
m n 

— E E '^KnUixMnVj (G x G) = VxxMiG x G) 

i=i i=i 

by using both injectivity and projectivity of tensor product of these nuclear spaces. 

□ 

We let Kg = {{g,9~^) : g G G} C G x G. 

Lemma 1.2. Let G he a connected Lie group. Then 

(He(G)GHe(G))n Jgxg(Ag) 

is dense in Jgxg{Kg)- 

Proof. For simplicity, we let A = A{G x G). Let u G Jgxg{Kg)- It was shown in 
[PaSal Theorem 7] that Kq is a set of local smooth synthesis, so we may assume 
that u G 'D{G X G). Hence we can find a compact subset M oi G for which 
u G VMxAiiG X G). We can further assume that M is symmetric: M~^ = M. 
Lemma [LTI provides that u G 'Dm{G)®'Dm{G). 

Fix e > 0. Let p be any invariant metric on PMxMiG x G) which comes form 
the Frechet structure. There is a i5i > 0 for which 

p(u;,0)<(5i ^ llwll^ < e 

for w G Vmxm{G X G) C A{G x G). Furthermore, it is straightforward to check 
that the map 

A : Vmxm{G X G) ^ Vm[G) given by Aw{g) = w{g,g~^) 

is continuous since Aq, qua submanifold of G x G, is diffeomorphic to G. If we fix 
vm in Ac{G) for which vm\m = I, there is (52 > 0 for which 

p(w,0) < (52 ^ ||A(ri;)||^(g) < fi- y -. 
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Thus, if (5 = min{(5i, ^ 2 }, then given u as in the paragraph above, there is a u in 
the algebraic tensor product Vm{G) m{G) for which p{u,v) < S, and hence our 
choice of 6 entails that 

£■ 

||u - v\\a < £ and ||A(u - < t] -n-■ 

Now let w = V — K(v)®vm which is an element of Ac{G) Ac{G). Since M = M~^ 
it is easy to see that w Iag - Moreover, notice that A{u) = 0, as u G Jq^q{Ac), 
so 

||m - < ||m - u||^ + ||A(u - v) ® vm\\a < 

since ||A(u - u) 0 vm\\a < I|A(m - ^^)|Ia(g) \\vm\\a{g)- ^ 

We let A{G)^ denote the unitization of A{G) and to** : A{G)^®A{G)^ —>■ A(G')** 
and TO : A(G)(8>A(G) —)> A(G) be the continuous linearization of the respective 
multiplication maps. Since A{G) is Tauberian and regular, A(GY = A{G). Hence 
It follows from |Gr0l Theorem 3.2] that A(G) is weakly amenable if and only if 

(1.2) (kerTO.)^ = A(G)gA(G) • kerTO#. 

Above, and in what follows, we use for a subspace S of an algebra A, the notation 
S‘^ = spanjui .. .Ud '■ ui ,... ,Ud G 5}. 

Theorem 1.3. Let G be a eonnected Lie group. If A{G) is weakly amenable, then 
Aq is a set of local synthesis for A{G x G). 

Proof. We let to : A(G)(8 )A(G) —>■ A(G) be given on elementary tensors by rh{u 0 
v) = uv, and likewise define to**. Since r; 1 —>■ u is an isometry on A(G), if A(G) is 
weakly amenable then (EH implies that 

(1.3) (kerrh)^ = A(G)0A(G) • ker?7i#. 

For simplicity, we write J = JgxG^Aq), below. Let u € J. We wish to approximate 
u by elements from Iq^q{Ac). We let t : A(G)0A(G) —>■ A(G x G) be the linear 
contraction which embeds A(G) 0 A(G) into A(G x G). We have that 

[AAG) 0 AAG)] n J C l{AAG) 0 AAG) ■ kerrh**) C i(kerTO)2 n A^G x G) C J2 

where the first inclusion follows from regularity of A(G), the second inclusion is 
provided by m, and the third inclusion follows from regularity of A(G x G). By 
Lemma [L^ [Ac{G) 0 Ac(G)] fl J is dense in J. We thus conclude that J = J'^, and 
induction shows that J = J™ for any to in N. 

The identity 4uv = {u + v}^ — (u — v)^ shows that where the latter 

notation was used in the definition of weak synthesis, above. By induction we see 
that ^ for any to in N. We conclude that J = fQj. ^ 

It is shown in [PaSal Theorem 7], that Ag is a set of local weak synthesis, 
i.e. if n > dim(G)/2, then C Iq^q{Ao). Hence we see that for some to, 

J = j(2”*) = /^^^(Ag), and local synthesis is established. □ 
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1.2. Functorial properties for local synthesis of the anti-diagonal. Our 

ultimate goal is to show that a non-abelian connected Lie group does not allow 
local synthesis of the anti-diagonal. The following will allow us to reduce our 
calculations to certain computable cases. 

We shall make use of the well-known result that for any locally compact group 
G, and closed subgroup 7L, the restriction map Rh ■ A{G) -A A{H) is a quotient 
map. See [Her], [McMl (4.21)], [Arsl (3.23)] or [DeDe] . We even have i?_f/(Ac(G)) = 
Ac{H). 

Theorem 1.4. Let G he a locally compact group and H is a closed connected Lie 
subgroup. If Aq is of local synthesis for G x G, then Ah is of local synthesis for 
H X H. 


Proof. We first claim that 

Rhxh{Jgxg{Ag)) = Jhxh{Ah). 

It is clear that Rhxh{Jgxg{Ag)) C Jhxh{Ah). To see the converse inclusion, let 
u G Jhxh{Ah). Since iL is a connected Lie group. Lemma [L2] allows us to assume 
that u S Ac{H) ® Ac{H), hence u = ® The restriction theorem assures 

that there are elements in Ac{G) for which Rhu'^ = Ui, Rnv'i = Vi for each i. 
Hence if w in Ac{G) satisfies that w\s = 1 where S = Ur=i supp(ui), then 

n 

u[v[) e Igxg(Ag) n Ac{G X G) 

and, since Ui{h)vi{h) = u{h~^, h) = 0 for h in H, we have 

n 

Rhxh{u) = Rh{w) 0 UiV^) = u. 

It then follows that u € Rhx h{Jgxg{Ag)). 

It is evident that 

RHxHi.lGxGi.AG)) Q Ihxh{Ah), SO xff (/gxg(^g)) ^ ’ 

Our assumption that Jgxg(^g) = ^gxg(^g)) coupled with the result of the prior 
paragraph, shows that I^j^^jiAn) = JnxHiAn). □ 


The proof of the next functorial property is more general, though its proof is a 
little more involved. We shall use the following fact about local synthesis. This is 
related to well-known facts about spectral synthesis in regular function algebras; 
see, for example, expositions in [ReStl iKaii] . If G is a locally compact group and 
F is a closed subset of G, we have for u in AdG) that 


uGl^iE) 


u is “locally in /q(G)”, i.e. for every g in E there is a neigh¬ 
bourhood Ug of g, and a Ug in /^.(i?), for which u\ug = Ug\ug. 


Indeed, we need to only prove sufficiency. In this case, take such a collection 
Ui = Ug^ = Ug^ of open sets covering supp(m) fliil, and associated functions 

Ml,..., M„. Let f7„+i be a neighbourhood of supp(m) \ Ufc=i Uk with Un+i AE = 0. 
Any partition of unity ui,..., Vn+i of supp(m) subordinate toUi,..., Un+i, satisfies 
uvk = UkVk, for each fc = 1,..., n, so m = J2k=i + uvn+i G IciE). 
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The following holds for any regular Banach function algebra. To avoid introduc¬ 
ing new notation, we state it only for a Fourier algebra. 

Proposition 1.5. Let G be a locally compact group and E be a closed subset which 
admits a partition, E = [Jjg/FI d for which each Ei is closed in G and relatively 
open in E. Then E is of local synthesis for G if and only if each Ei is of local 
synthesis. 

Proof. (=^) Let F be a subset of E which is closed in G and relatively open in E; in 
particular we may consider F = Ei for a fixed i. Let u G Jg{F) H Ac{G). For every 
g in F, our assumptions on F allows us to choose a compact neighbourhood U oi g 
for which U DE = U H F. We find v in Ac{G) for which supp(i;) DE = supp(u) fl F 
and v\u = 1. We have that u = uv on U and 

uv G JaiE) =1^) Cl^). 

Thus u is locally in Iq{F), whence in Jc{F). 

(<^=) Let u G Jg{E) n Ac{G). Since each Ei is of local synthesis, we have 

uGJg{E) C JciEi) =1 %(e~) 

i.e. u = lim„_>oo Rn, where each G lQ{Ei). Fix g in Ei and, again, our as¬ 
sumption of relative openness of Ei in E allows us to take a compact neighbour¬ 
hood [/ of 5 for which U D E = U D Ei. If is any element of Ac{G) for which 
supp(n) nF = supp(u) nFi and v\u = 1, then u = uv on U, and uv = lim„^oo UnV, 
where each UnV G Iq{E). Hence u is locally in Iq{E), thus u G Iq{E). □ 

Theorem 1.6. Let G be a locally compact group and F a discrete normal subgroup. 
Then Aq is of local synthesis for G x G if and only if Aq /p is of local synthesis 
for G/T X G/F. 

Proof. The injection theorem of |Loh) tells us that Aq /p is of local synthesis for 
G/T X G/T if and only if (/“^(A^/p), where q : G x G ^ G/T x G/T is the quotient 
map, is a set of local synthesis for G x G. Hence we wish to verify that 

(1.4) Ag is of local synthesis O g“^(A( 5 /p) is of local synthesis 

each for G x G. Hence we wish to examine the structure of the latter set. 

We first observe that since gF = F^ and (Fg)"^ = in G/T, we have 

9"^(AG/r) = ■■ 9 e G, 7 , 7 ' G F}. 

Hence if we define an action of F x F on G x G by ■ { 9 , 9 ') = iig, 9 'l'~^), 

then ^“^(Ag/p) = (F X F) • Ag, the orbit of the set Ag under this action. It is 
easy to check that 

(7,7') • Ag = Ag 7' = 7 

i.e. if {'y 9 , 9 ~^"f'~^) = {h,h~^) then 73 = and hence 

( 7 , 7 ') • Ag = (A, A') • Ag A “^7 = A' ^ 7 ' A'A“^ = 7 ^ 7 “^. 

Thus g-i(AG/p) = U(^,y)ArG(rxr)/Ar( 7 > 7 ') ■ Ag, where Ap = {(7,7) : 7 S F}. 
Let us see that 

(1.5) the individual fibres (A, A') • Ag are relatively open in ^“^(Ag/p). 

Suppose that {Xh,h~^X' ^) is approached by a net of elements {'^n 9 n, 9 n^ln ^)- 
Then the net of elements {X~^jngnh~^, hg~^^/,~ A') would approach (e, e), which 
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implies that approaches e, and hence is ultimately e, by discreteness; 

thus is ultimately AA'~^, i.e. the net is ultimately in the fibre (A, A') • Ac- 

(=^) If Ag is of local synthesis for G x G, then so too is each fibre ( 7 , 7 ') • Ag = 
( 7 , e)AG(e, 7 '”^). We then appeal to Proposition [T^ and (11.51) to obtain necessity 
in (II.41) . 

(<^=) The anti-diagonal Ag is an open fibre of (;“^(AG/r)) thanks to (11.51) . Then 
Proposition II.51 delivers sufficiency in dm). □ 

In practice we will use this last result with a central discrete subgroup. Centrality 
seems to offer no meaningful simplification to the proof, however. 

2. Failure of local synthesis for the anti-diagonal 

2.1. The basic strategy. We wish to show that for certain given 2 or 3-dimensional 
non-abelian connected Lie groups G, that its anti-diagonal fails to be a set of local 
synthesis for G x G . We shall exploit the density of the space of test functions T’(G) 
in A{G), as outlined in Section [Ol This implies that any T in VN{G) = 71(G)* 
may be understood as a distribution, i.e. T S 'D{G)*. 

The following informs all of the choices made through the rest of this section. 

Lemma 2.1. Let G be a conneeted Lie group with Lie algebra g and X G g with 
X ^ 0, hence {X, 0) is an element of the Lie algebra 0 x g of G x G. Let 0 ^ v € 
L^{G). If there exists S = Sx,v in VN{G x G) for which 

S{u)= / d(^x,o)uig,g~^)v{g)dg 
JG 

whenever u G 'D(G x G), then Aq is not a set of local synthesis for G x G. 

Proof. We will verify that S G Iq.^q{Ao)^ \ Jgxg(Ag)''‘, where denotes the 
annihilator of the subspace K. This will show that Iq^q{Ac) C Jgxg(Ag). 

Let us see that S G Iq.^q{Ac)'^■ Let u G Iq^q(Ac), and e > 0. By the 
regularity of the algebra T>(G x G), there is w in V(G x G) such that ry|supp(u) = 1 
and supp(w) D Ag = 0. Since Iq^q(Ag) C Jq^q{Ag), there is u' in (D(G x G) D 
/gxg(Ag) such that ||u — u'\\j^ < ej ||rc||^. But then, since u = icm, we have that 
||u —< e. As wu' G Iq^q{Ag), it is obvious that 9(jf_o)(^R0lAG “ 
S{wu') = 0. Hence \S{u)\ = |5'(u — wu')! < ||5'||yjY^' As e > 0 may be chosen 
arbitrarily, S{u) = 0. 

Let us now see that S ^ Jgxg{Ag)'^. We consider general x, y, z in T>(G), and 
let w = xy (Si z — X (Si yz, which is an element of 'D{G x G) D Jgxg(Ag)- But then 

S{w)= [ [dx{xy){g)-dxx{g)y{g)]z{g-^)v{g)dg = - [ x{g)dxy{g)z{g~^)v{g) dg. 
JG JG 

We may choose x, y, z for which S{w) 7 ^ 0. □ 

We shall require disintegration of the left regular representation of G into irre¬ 
ducible components. For this purpose and to introduce notation, we summarize 
the Plancherel theorem of [Tal] . Our presentation is influenced by [Foil (7.50)]. We 
purposely restrict the description, to fit our needs. We let G denote the space of 
(equivalence classes of) irreducible representations of G, and accept the standard 
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abuse of notation where we conflate an equivalence class with one of its represen¬ 
tatives. If u S Cc{G) we let its Fourier transform be given at tt in G by 

u(7r) = / u{g)Tr{g) dg e Bin^), i.e. (M(7r)^|?7) = / u{g){T:{g)C\r]) dg 
JG Jg 

where ^,r] € 'H-k-, and "Htt is the space on which tt acts. 


Proposition 2.2. Suppose G is a connected Lie group for which the kernel of the 
modular function, K = ker A, is type I, and G acts on K regularly in the sense that 
there is a Borel cross-section for the space of orbits of G on K. Then G contains 

• a dense Borel subset S{G) of elements, each of which is the induced repre¬ 
sentation from some closed subgroup of ker A; 

• a Borel parametrization b tti, : B ^ B{G) and a Borel measure fi on B; 
and 

• for each b in B, a positive operator Si, on TLTrt, which satisfies 


TTb{g)SbTTb{g 



for which the choice of the triple {{Sb)beB, i'Z'b)beB, g) is unique, up to measure 
equivalence of {{'Kb)b^B, g), and such that the Plancherel transform onCdfG), given 
by 

U !-)■ {u{TTb)Sl^'^)b(iB 

extends to a unitary identifying 



Td-Kb dg{b). 


Each Hilbertian tensor product (8 *^ 'Htti, is identified with the space of Hilbert- 
Schmidt operators on'Hiri, above. 


Hence the left regular representation A of G admits disintegration up to unitary 
equivalence, and quasi-equivalence respectively, as 

(2.1) A= / TTf, 8 ) Fjj dfj,{b) and A~ / ■Kbdp.fb). 

Jb JB 

In (12.ip we need to concern ourselves with only the equivalence class of p, in the 
relation of mutual absolute continuity of measures on B. Furthermore, the left 
regular representation of G x G may now be represented by the quasi-equivalence 

(2.2) A X A ~ / TTb X TTbi d{p X p){b, b') 

JBxB 

where we use Kroenecker products of representations. Hence if w G L^iG), then the 
operator on A{G x G) given by Ey(u) = u(g, g~^)v{g) dg may be represented by 
the operator field 

(2.3) Ev{b,b') = / v{g)TTb{g) ^ TTb'{g~^) dg for 6 , 6 'in H. 

Jg 

If G is unimodular, we set each 5b = ■ When G is not unimodular, and TTb 

is induced from a character y of abelian subgroup El of ker A, then HTTb may be 
identified with a completion of = {/ G C(G) : f{gh) = x{h)f{g)'\, and 5b with 
multiplication on the latter space by A(-)“^; compare with the description in [Foil 
(7.49)]. 
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We also have for any g in G, the Fourier inversion formula of [Tati Corollary 2]: 
for w = (A(-)u|u), where G CciG), we have 

(2.4) w{g) = [ TT{TTb{g~'^)w{TTb)Sb) dfj,{b) = [ TT{TTbig)w{TTb)Sb) dfi{b). 

J B J B 

By density of spanA(G') in VN{G), and of each span7rb(G) in (Schur’s 

lemma), we also have for any T in VN{G) the duality formula 

(2.5) T{w) = [ "lY{T{b)w{'Kb)5b)dgL{b) 

JB 

where T ~ iT{b))beB G L“(B,/i; S(i«,J). 

Let G be a connected Lie group and tt G G. It is well known that for any X in 
the Lie algebra g of G, and any tt in G, there is a dense subspace of vectors ^ 
for which 

(2.6) dn^X)^ = lim — [7r(exp(/iAr)) — I]^ 

ii-s-o h 

exists. For example 3 'H^ = span{'u(7r)^ : u G V^G),^ G Htt}. Thus dTT{X) is 
an (unbounded) operator on Given the parameterization b i-A iTb above, it can 
be checked that, as the limit of a measurable field of operators, {dTrb{X))b^B is also 
measurable. 


Lemma 2.3. Suppose that G is a connected Lie group with Lie algebra g, and X 
in g is such that, for each b in B, there is a subspace Tb of which is dense 
in Hirfc, and for which S^^Tb C If T in VN{G) satisfies that (S(b))beB = 

{T[b)d'Kb{X))b^B is a bounded field of operators, then for u in T’(G) we have that 


S{u) = T{dxu). 


Proof. Recall that as in uni, the symbol dx denotes a derivative on the right. 
First we fix tt. If ■C G S^^Xb then we have for u in T’(G) that 

(dxu)'^{7Tb)Sbf, = [ dxu{g~^)Trb{g)Sb£, dg 

1 


= lim 

h—>-oo h 

= lim — 
h—^oo h 


UG 


u{g ^ exp(hX))Trb{g)Sb^dg - / u{g ^)Trbig)6bf, dg 


UG 


aig ^)Trb{exp{hX)g)5b^dg - / u{g ^)nb{g)6b£, dg 

JG 

= - I]^ J u{g~~^)TTb{g)5b dgf, 

= d'Kb{X)u{TTb)5bf 

where in the second through fourth lines, the limit is understood in the weak sense, 
and we may use dominated convergence theorem on associated scalar integrals. 
Since S^^J-b is dense in 7 ^, 7 ^, the computation above, coupled with (12.51) . tells us 
that 

S{u)= f TT{T{b)dTTbiX)u{TTb)6b)dg,{b) 


= / TT{T{b)idxuy{TTb)6b)dfi{b)=T{dxu). 


□ 
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We now will embark on using Lemma 12.31 on the group G x G and operator fields 
with fibres d{Trb x Trb'){X,0) = dTrb{X) ® lu^, {X G g) to verify the conditions of 
Lemma nn 

As a first illustration, let us apply these methods to the special unitary group 
SU(2). We note that Agu( 2 ) is a set of non-synthesis is known (see [FSSlj L We 
recall the well known fact that SU(2) admits as its Lie algebra su(2), which may 
be identified with 2 x 2-complex matrices which are skew-Hermitian and trace zero. 
The representation theory of SU(2) is well-known: SU(2) = {tt^ : n = 0,1, 2,... }, 
each TTn acts on a space of dimension n -|- 1, and ii g = diag(z, z) (= is similarity by 
conjugation in SU(2)) then TTn{g) = diag( 2 :"’, 0 "“^,..., z~^). 

Proposition 2.4. Let X be any non-zero element of su{2). Then there is an 
S = Sx.i in PA^(SU(2)) for which 

S{u)= / d(^xfi)u{g,g~^)dg 
JG 

foru in T>(SU(2) x SU(2)). 


Proof. Since X* = —X and TiX = 0, there is a; in R for which we have equivalence 
X = di&g{ix,—ix), hence exp{hX) = diag(e*^“, in SU(2). It is immediate 

that 

dTr„(X) = dia.g{inx, i{n — 2)x ,..., —inx). 

The Schur orthogonality relations immediately give, in the notation of (lOl) with 
V = 1, that 



T^nig) ® TTn' ig)* dg 



\i n = n' 
otherwise 


where is an (n -I- 1)^ x (n -|- 1)^ permutation matrix with respect to some basis. 
It is then obvious that 


\\Ei{n,n'){dTTn{X)® I)\\ < |a:| 
for each n, n'. We appeal to Lemma [231 


□ 


2.2. Two unimodular groups. We let i? = C x T be the 3-dimensional Euclidean 
motion group with multiplication and inversion given by 

{x,z){x',z') = {xzx',zz') and {x, z)~^ = {—zx,z). 

This group is unimodular with Haar integral the same as that on C x T. 

The following data are well known; see, for example |Sug[ IV]. The additive 
group C = admits a real inner product {x, x') ^ x ■ x' = Lie x Re a;' -I- Im a: Im x'. 
For each a in C\ {0} we obtain an irreducible unitary representation tt^ by inducing 
from the character Xa {Xa{x) = Then Xa = ^b if and only if jaj = |5|. Hence 

we parameterize this family by r in (0,oo). Each representation is given 

TTr : if -> ii(L^(T)), 7 r,.(a:, z)^{w) = 

Then the disintegration formula (EB takes the form 

A ~ / TTr r dr ~ / Xrdr 

J (0,oo) J (0,oo) 

where the middle formula is with respect to the group’s Plancherel measure which 
is mutually absolutely equivalent to Lebesgue measure on (0, oo). 
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where dxv{y) = -^v{y + and the second order derivatives may be consid- 


We recall that E has Lie algebra 

e = (T, Xi, X2 : [T, Xi] = X2, [T, X2] = -Xi, [Xi, X2] = 0 ) 

where exp(/iXi) = {h, 1), exp(/iX 2 ) = {ih, 1) and exp(/iT) = (0, e*^). 

We also consider the Sobolev-type space 

= {i; : ^ C I G for all x G M^} 

A. 

dt 

ered in the distributional sense. 

Theorem 2.5. Let v G and v in L^{E) be given by v{x, z) = 

v(x). Let X G span{Xi,X 2 }. Then there is an S = Sx,v in VN{E) for which 

S{u)= / d(^x.o)uig,g~^)v{g)dg 
J E 

for u in 'D{E x E). 

Proof. First, for ^ in L^(T), (j2.3ll provides that 

Ex{r,r')i{w,w')= f [ v{x)e-^^<^^-''’^'^’^^{zw, zw') dx dz 

Jt Jc 

= / 2Trv{rw — r'zw')^{zw, zw') dz 

Jt 

where v is the Fourier transform of i; on C = R.^. Consider the unitary Lf on 
L^(T^) given by U^{w,w') = f,{w,ww'), which has adjoint given by U*£,{w,w') = 
^{w,ww'). We have 

U*Ey{r,r')Uf,{w,w') = Ey{r,r')Lf £^{w,ww') 

= 2n v{rw — r'zww')£,{zw,w') dz = 2 tt / v{rw — r'zw')£.{z,w') dz 

Jt Jt 

The fact that we choose v from allows that there is a constant Cy, such 

that for any y in C we have 

In fact we could choose Cy = Halloo + IlLxll 00 , where L = is the Laplacian 

on = C. Hence we estimate 


\\U*Ey{r,r')Uaw,w')\\l< 


< (27ra)' 


/T 2 . 


27rC'„ 




1 -I- \rw — r'zw'^'^ 


dz 


[ 

f dz 


If m,w'ydz 1 

It 

Jt 1 + |r — r'zw'y^ 


Jt 1 -b |r — r'w'zwl"^_ 


d{w, w') 
dw dw' 


< {2xCyf 


dz 


1 -I- r - r'z\ 




where we have used the Cauchy-Schwarz inequality in the second line, and Tonelli’s 
theorem, in the third. Hence 

r OttC dz 

(2.7) \\Ey{ry)\\ = \\U*Ey{ry)U\\ < / . ^ „ for r,r' > 0. 

jr^ I y- \r — r z\ 
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Now we consider for each r > 0 the operator diTr^X). If G L^(T) then for 
(a;, 1) = expX we have 

dTTr{X)^{w) = lim — l]^(iu) = —irx ■ w^{w) 

h-yO h 


where convergence is uniform in w. Hence by (12.61) diTj-iX) is the multiplication 
operator by w i—>■ -irx-w. In particular dir^^X) is bounded with ||(i7rr(X)|| < r|a;|. 
Combining with (1^ we see that 


\E,{r,r')idTrr{X)^I)\\ < 


2'!rCvr dz 
1 + |r — r' z\ 


n2-n 


CvT dt 


1 + + r'^ — 2rr' cos t 


However, using either methods of complex analysis, or the table of integrals |GrRy[ 
2.553-3], we obtain that the latter integral is equal to the first expression in the 
elementary estimate 


_Cbr_^ _CV_ 

2\J (I -f -I- — 4(rr')^ 2\J 1 -|- 2{r^ + r'^) 

which is clearly uniformly bounded in r and r'. Hence, by Lemma 12.31 we are 
done. □ 


Now we consider the reduced Heisenberg group in’" = (R x T) x R with multipli¬ 
cation and inversion given by 

iy,z,x){y',z',x') = {y + y',zz'E^y\x + x’) and {y,z,x)~'^ = (-y, -a;). 

We identify the centre of H’’ with T. The group is unimodular, and its Haar 
integral is the same as that on the product group R x T x R. All of the infinite¬ 
dimensional irreducible representations are known to be obtained by inducing from 
the characters xo,n on the normal subgroup R x T, Xo,n{y, z) = z", for n S Z\ {0}. 
This follows, for example, from |KaTa[ 4.38] and the fact that H’’ is a quotient of 
the usual Heisenberg group. For each n in Z \ {0}, the representation is given by 

TTn-.W ^ 7r„(y, z, x)^{t) = - a;). 

The left regular representation admits a decomposition 
(2.8) A ~ 7r„ 

where ttq : in’" —>■ L^(R^) is, effectively, the left regular representation of HF/T. 
Indeed, if we let Hn = {C G T^(IHF) : 5(y(0,z,0)) = z'^^{g) for a.e. g in H’’}, then 
An = A(-)j-H„ has An(0,z,0) = z”/, and is hence quasi-equivalent to by the 
Stone-von Neumann theorem (see, for example, [Foil (6.49)]). 

We note that the Lie algebra of H’’ is given by 

\) = {X,Y,Z: [A, F] = Z, [Z, A] = 0 = [F, Z]) 
where exp(/iA) = (0,1, h), exp(/iF) = {h, 1, 0) and exp(/iZ) = (0, e*^, 0). 

Theorem 2.6. Let vi,V 2 in L^(R) he so that vi is (essentially) bounded and V 2 S 
L^(M), and set v(y,z,x) = Vi{x)v 2 {y)- Then there is S = Sz,v in FA(]HI'’) for 
which 

S{u)= [ dzu{g,g~^)v{g)dg 

forue V{W X H^). 
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Proof. We allow (12.81) to substitute for (EB and we obtain a likewise decomposition 
for Ax A. Thus, using the appropriate analogue of (12.3p we compute for n,n' in 
Z \ {0} that for ^ in = L^(R) (g)^ L‘^{R) that 




vi{x)v 2 {y)z'^e ^— x,t' + x) dy dzdx 


= Sn,n' [ [ vi{x)v 2 {y)e x,t' + x)dydx 

JM. Jr 

= '/^6n,n' / Vi{x)v 2 {n{x + t — t'))£(t — x,t'+ x) dx 

Jr 


where Sn,n' is the Kroenecker delta symbol. Likewise Ey(n, 0) = 0 for n in Z \ {0}. 
We consider the unitary on L^(K) given by U£{t,t') = +t). We have for n in 

Z \ {0} that 

U*Ey{n, n)U£{t, t') = Ey(n, n)U£(t, t' — t) 

= / vi{x)v 2 {n{x + 2t — t'))£{t — x,t') dx 

Jr 

= / vi{t — x)v 2 {n{—x + 3t — t'))£{x,t') dx 

Jr 


Hence we compute 

\\U*Ey{n,n)U£\\2 < j f 2 tt f \vi{t — x)v2{n{—x + 3t — t'))£{x,t')\dx 

Jr Jr Ur 

<2tt / / \vi{t — x)v2{n{—x + 3t — t'))\dx 

Jr Jr L^m 

X / \vi{t — x)v2{n{—x + 3t — t'))\\£{x,t')\‘^ dx 

Jr 


dtdt' 


dtdt' 


< 27r||ni||; 


IICIIJ 


where we have used the Cauchy-Schwarz inequality for the second inequality and 
Tonelli’s theorem, a Holder inequality and a change of variables for the third. In 
summary 

(2.9) \\Ey{n,n')\\ < IkilL ll'^ 2 |li, for (n,n') in (Z\ {0}) x Z. 

Von 

It is trivial to see that 

dTTn{Z) = —ini for n in Z. 

Combining with (12.9p we see that 

sup ||£l(n, n')(d7r„(Z) (g) 7)11 < 00 


and we may hence appeal to Lemma 12.31 


□ 


2.3. Two non-unimodular groups. We shall consider a class of groups we call 
Grelaud’s groups. Fix a parameter 0 > 0 and for s in K let 


r(s) = exp s 


1 

e 


-9 

1 


= e^g(s), where g(s) = 


cos s9 
sin s9 


— sin s9 
cos s9 
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We now let Ge = x t- R with multiplication given by 

{x, s)(x', s') = (x + t(s)x', s + s'), hence (x, s)~^ = (—t(—s)x, —s). 

Notice that we have det t(s) = from which we get left Haar integral, for u in 
Cc{Ge), and modular function 


If 2 / e 


u{x, s) d{x, s) = 


i{x, s)( 


' ds dx 


G jR 

with associated character Xvi^) 


— Q-ix-y 


and A(a;, s) = e^®. 
on we get induced repre¬ 


sentation 

TTy-.Ge^ G(l2(R)), T,y{x, s) = - s) = - s)- 


Notice that if y' = g{t')y, then tt^ = tt^' via the intertwiner p{t'), where p is the left 
regular representation on (R). Hence we may parameterize these representations 
by the unit sphere Furthermore, by [KaTal 7.35], the family {TTyjygsi is a dense, 
compact subset of Ge- 

To learn the disintegration of the left regular representation we will have 

to obtain the Plancherel formula for this group. Since we do not know of a reference 
for this, we compute it ourselves. We use the notation of Proposition [^21 


Proposition 2.7. The Plancherel decomposition of L^{Gg) is given by 

L\Ge)^ r L‘^iR)y^^lJmydi'iy) 

where each L^(R)y is a copy o/L^(R), u is the unique rotationally invariant prob¬ 
ability measure on and we have for ^ in L^(R)y, Sy^{t) = A{t)~^^{t) = 
for a.e. t. Hence we obtain 

A ~ / TTy dv{y) 

Proof. We will simply verify that the choices above satisfy Proposition [2^ Let for 
y in and u in CdGg) and f in L^(R) 




ui9)T^yi9)idl^'^0it) dg 


R JR2 


i{x, - s) dx ds 


/ 2TTv}{e *g{t)y,t — s)e ®^(s)(is 

Js. 


where is the partial Fourier transform in the R^-variable. We note the well- 
known fact that the Hilbert-Schmidt norm ||u(7ry)||2 is given in terms of the kernel 

function as (/jj|27ru^(e“*p(t)y, s-I-e“^®ds dt) We then see that 



\\H'^y)dy\\ldi^{y) = f f f | 27 ru^(e t - s)p e '^'^dsdtdv{y) 

dgi Jr Jr 

= f [ [ |27r'u^(e“‘2/, s)p du(?/) 

Jg! JR Jr 

= f ( |27rit^(z, s)p e“^®ds(iz = f ( \u{x, s)\'^ dx e~‘^'‘ds = \\u\\ 
Jr2 Jr Jr Jr2 


2 

2 ■ 
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where we have used the invariance of the chosen measures on and R, then an 
obvious change of variables in and finally the Plancherel formula in R^. □ 


We note that Gg admits the Lie algebra 

fle = (T, Xi, X2 : [T, Xi] = - 6X2, [T, X2] = 9Xi + X2, [Xi, X2] = 0 ) 

where exp{hXj) = (he^, 0) for j = 1,2 (( 61 , 62 ) is the standard basis for M^) and 
exp(/iT) = (0, h). 

Theorem 2.8. Let vi in L^(M^) be so that vi € Ac(R^), let V 2 € Cc(R), and then 
let v{x,s) = vi{x)v 2 {s). Let X G span{Xi,X 2 }. Then there is an S = Sx,v in 
VN{Ge) for which 

S{u)= d^x.o)uig,g~^)vig)dg 

JGg 

for u in 'D{Gg x Gg). 


Proof. Our assumptions on vi and V 2 ensure that v is integrable. We use ( 1 ^ to 
compute for f in L^(R^) = L^(R) (g)^ L^(R) that 

Eviy,y')fit,t') 


Jr Jr^ 

= / 2TTVi{e~*g{t)y — e~*^~^g{t' + s)y')v 2 {s)e~‘^^f{t — s,t' + s)ds. 

Jr 

Letting, now, U£^{t,t') = £,{t,t' +1) we compute 
U*Ey{y,y')Uf{t,t') = Ey(y,y')U^{t,t' - t) 

= 2tt f vi{e~^g{t)y — e~* g{t'— t + s)y')v 2 {s)e~‘^^^{t — s,t') ds 

Jr 

(2.10) = 2tt f vi{e~*g{t)y — e~*^ g{t'+ s)y')v 2 it — s)e'^^‘‘~*^^{s,t') ds 

Jr 

Let us now compute d'Ky{X). Let (x, 0) = expX, and for ^ G Cc(R) we have 

( 2 . 11 ) dxy{X)m = hm i[6—- im = -ie-*x ■ {g{t)y)m 

h —^0 ri 


where convergence is uniform on compact sets. Hence dTTy(X) admits Py = Cc(R) in 
its domain, and by ( 1 ^ . and is given by pointwise multiplication by t i-A — 76 *x ■ 
{g{t)y). Notice that Sy^Py C Py. Hence we may appeal to Lemma [2?3l and it 
suffices to see that the field of operators 


( 2 . 12 ) {Ey{y,y'){dny{X) I))y^y>g:s^ is bounded 

to gain our conclusion. It is clear that U*{dTTy{X) g) I)U = dTTy{X) g) /, and it 
suffices to work with the field {U*Ey{y,y')U{dTTy{X) g) I))y^yi^§i. We combine 
( 12 . 101 ) and ( 12 . 111 ) to see that for f in L^(R^) we have 

U*Ey{y,y')UidTTy{X) ^ L)at,t') 

= 2x1' vi{e~*g[t)y — e~* g{t' + s)y')v 2 {t — s)e^^‘‘~'^'> {d-Ky{X) g) I)^{s, t') ds 

Jr 

= -27ri [ vi{e~^g{t)y - + s)y')v 2 {t - s)e^~‘^\x • {g(s)y))^{s,t') ds. 

JM. 
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Our assumptions on vi allow us to find a non-increasing ip in Cc([ 0 ,oo)) for which 

27r|{ii(j/)| < ^{\y\). 

Let us observe that \e~*g{t)y — -I- s)?/'| > \e~* — Now with an 

application of Cauchy-Schwarz inequality we obtain 

\\U*E,iy,y')Uid7ry{X)(^m\l 

,|2 


< k|- 

< Ia:|- 


/R2 


[ [ V^de ‘-e ‘'+d)|u2(< - s)|e'* ‘^*\^{s,t')\ds d{t,t') 

dR 2 Ur 

^ ^ / (p(|e“‘- e“‘- s)|e'*“* ds 

Or 

[ V’{\e~* - e"*'+d)e“‘k2(i- s)|e®“‘|C(s,t')P'^s d{t,t')- 

Jr 

Since e“‘ < \e~* — e~* -I- e“‘ we have 

/ - e“* ~'~'‘\)e~*\v2{t - s)|e®“‘ ds 

Jr 

< f v?(|e“‘- e“‘+'*|)|e“‘- e“‘+'*||i;2(^ - s)|e'*“* ds 

Jr 

+ j i^(|e“‘ - e“‘ - s)|e®“‘ ds 

Jr 

< Moo ll^■^^^^^2||l + llv^lli ||^■^^^P2||oo 

where t(r) = r for r > 0 and Sv2{s) = e^'*n2(s). It then follows that 

\\U*E,{y,y')Uidny{X)®m\l 
<N"(IIHIooll^«2|li + ||^IM|du2|L) 

p>i\e~* — e~* ~^^\)e~*\v2it — s)|e'*“* dt |^(s, t')P dsdt' 


< |a:|- 


+ llv^lli ||^-^'^^^ 2 |U) ll^lli ||<5 -^/"iI2||oo ||ell 2 ■ 


K-i/2 




Hence we have verified (|2.12p . 


□ 


We now consider the real affine motion group, also known as the “ax -I- b group”, 
= K. x K with product and inverse given by 

{b,a){b',a') = {b + 6°"^ ,a + a') and (&, a)“^ = (—e““&, —a). 

The group has left Haar integral and modular function given by 

/ u{b,a)d{b,a) = / / u{b,a) e~°‘dadb and A(6, a)=e“. 

J F */M </M 

It is extremely well known, see, for example |Kha) or [Foil 7.6-2], that the only 
inequivalent infinite-dimensional irreducible representations are given by tt± , which 
are gained by inducing characters of positive/negative index from the normal sub¬ 
group B = {( 6 ,0); B G K.} = ffi.. Explicitly, for ^ in B^(R) we have 
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Furthermore, we get a quasi-equivalence 
(2.13) A~7r+©7r_. 

We recall that the Lie algebra for F is given by 

f={X,Y :[X,Y]=Y) 

where exp{hX) = {0,h) and exp{hY) = {h,0). 

Theorem 2.9. Let Vi in L^(K.) be so Vi S y4c(K), let V 2 € Cc(K), and set v{b,a) = 
Vi{b)v 2 {a). Then there is S = Sy,v in VN{F) such that 

S{u)= / d(Y,o)u{g,g~^)v{g)dg 
J F 

for u in V^F x F). 

Proof. The details of this proof are similar to those in the proof of Theorem 12.81 
Indeed, we obtain for a, a' in {±} and ^ in that 

Ey{a, a')f(t, t') = / ui(tTe“* — a'e~°‘~* )v 2 {a)e~°‘ f{t — a,t' + a) da 

Js. 


and if Uf(t, t') = f{t, t' -I- t) we have 

U*E{a,a')Uf{t,t') = [ vi{ae~^ — a'e°^~* )v 2 {t — a)e‘^~*f{a,t') da. 

Js. 

We compute for f in F± = Cc(R) the derivative 

dTT±iY)f{t) = liin = =Fie“‘^(t). 

g^O h 

The operators from the Plancherel formula (Proposition [2^ are given by 6±f{t) = 
e“‘^(t), and we see that 5±F± C F±. Hence we may appeal to Lemma [27^ and it 
suffices to see that each of the operators 


(2.14) 


Ey{a, <7'){dTTa © I) is bounded for each a, a' in {±}. 


Since U*{dTT„ © I)U = © / it suffices compute the norms of the operators 

U*Ey{a, a')U{diTcr © I). We first observe that 

U*Ey{a, a')U{dTT„ ® I)£,{t, t') = V^ia j vi{ae~* — a e°'~^ )v2{t — a)e~*f{a, t') da. 

Js 

We then note that e“‘ < \ae~* — + e°‘~*' and observe that 

f \vi{ae~*—a'e‘^~^ )v2{t — a)\e~* da 

Js 

< j |Di(cre“* — )||cre“* — ||u2(t — a)| da 

Js 

+ [ \vi{cre~* — a'e°'~* |u2(t —a)|da 

J 

< ll^ia|looll^2|li + ||Dl|lilk2|loo- 
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where a{t) = |i| for t in R. Hence by our usual technique we see that 

\\U*E,{a,a')UidTr,(g,m\l 

< 27r(||uia||^ IIU 2 II 1 + lluilli lk2lL) 

X [ [ [ \viicre~^ — )\e~*\v 2 {t — a)\\^{a,t')\'^ dtdadt' 

Jm Jm. Jm 

< 27t{\\vM^ Ik 2 |li + ll^llli IIP 2 IL) IIDllli |k2lL IICII 2 • 

Hence (12.141) is verified. □ 

2.4. Remarks. We note that the failure of weak amenability of A{G), for G either 
F or H’', is shown in [ChGhlj : but this does not automatically imply failure of local 
synthesis. 

The one aspect in common in the strategies employed for each of the five (classes 
of) groups G above is that the Lie derivative is always taken from a direction which 
is trivial in any abelian quotient. We suspect that to do otherwise would entail 
that for an abelian quotient, G/N, we would find that would be a set of 

non-synthesis, which would contradict Theorem 11.31 as A(G/N) = L^{G/N) is 
amenable. 

Our choice of Lie derivatives X, in forming operators Sx,v, shares a property 
in common with the choices made in fjHO] for SO(3), and jOhOhll IChOh^ for 
F, H’’ and the Heisenberg group H. Of course, there is an enormous gulf between 
exploiting these for a failure of spectral synthesis calculation and showing that these 
derivatives may be used to build non-trivial elements of H^{A{G),VN{G)). It is 
plausible that for each of our four semi-direct product groups G = N A, above, 
with the associated Lie algebra n x a, that the space of bounded derivations from 
A{G) to VN{G) is isomorphic to the Lie algebra n. 

3. Weak amenability of Fourier algebras 

The following is well-known. We include a proof for convenience of non-specialists. 

Proposition 3.1. (i) Let q be a non-abelian real Lie algebra. Then g contains 
either su(2) or a non-abelian solvable algebra m. 

(ii) Let m be a non-abelian solvable real Lie algebra. Then m contains one of the 
following Lie algebras: 

f = {X,Y : [W, F] = Y) (affine motion) 

e = {T,Xi,X 2 : [T,-^ 1 ] = X 2 , [T, W 2 ] = —Xi, [Xi,X 2 ] = 0) (Euclidean motion) 
09 = (T, Xi,X2: [T, Xi] = Xi - 0 X 2 , [T, X 2 ] = OX^ + X 2 , [Xi, X 2 ] = 0), 0 > 0, 
(Grelaud), or 

f) = (X, y, Z : [X, F] = Z, [X, Z] = 0 = [F, Zj) (Heisenberg). 

Proof. Every concept and fact from Lie theory which is used in this proof is well- 
known and may be found in |HiNe) . for example. 

(i) Let r denote the solvable radical ideal of g. If r is non-abelian, we set m = r. 
If r is abelian, we use the Levi-decomposition g = s r, where s is semisimple. For 
s we have the Iwasawa decomposition s = t -|- a -I- n. If I is non-abelian, then I 
contains su(2) and we are done. Otherwise m = a -I- n is non-abelian and solvable; 
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indeed, see the construction in [HiNel 513.3] . [In [ChGhll Proposition 5.3] a further 
refinement shows that m 3 f, in this case.] 

(ii) We let m 3 m' 2 • • • 2 2 {0} be the derived series, so is non 

abelian. For simplicity we assume m = thus we now have derived series 

m 2 m' 2 m" = {0}. 

Suppose, first there is an element S' of m for which adS : m —?> m admits a 
non-zero eigenvalue a + ib, a,b G If 6 = 0, then there is an eigenvector Y for 

adS, i.e. [S, F] = aY. Put X = and we get f = span{X, F}. Otherwise, we 

appeal to the real Jordan decomposition of ad S, which allows us to find elements 
Fi, F 2 of m for which 

[S, Fi] = aFi — 6 F 2 and [S, F 2 ] = 6 F 1 -|- aF 2 . 

If a = 0, we let T = ^S and we notice immediately that Fi = Xi,Y 2 = X 2 G m', 
so [Fi,F 2 ] = 0. Thus we get e = span{r, Fi, F 2 }. Finally, if ab ^ 0, we let d = bja. 
Let T = is and X^ = Yj (j = 1, 2) if ab > 0; and let T = iS, = F 2 , X 2 = Fi 
if ab < 0. It is straightforward to check that Xi,X 2 G m' so [Xi,X 2 ] = 0. Hence, 
Qe = span{T, Jfi, X 2 }, in this case. 

If no S in m has that ad S admits a non-zero eigenvalue, then each ad S is 
nilpotent, and hence by Engel’s theorem m is nilpotent. We consider the central 
series m 2 C(ni) 2 ‘ ’ 2 C"(ni) 2 { 0 }- ^ C"(m) is hence central and we 

further consider such Z for which there are Jf, F in m (one of which is in C"'“^(m)) 
for which Z = [X, F]. Then t) = span{X, F, F}. □ 

Theorem 3.2. Let G be a connected Lie group. Then the following are equivalent: 

(i) A{G) is weakly amenable, 

(ii) the anti-diagonal Aq is of local synthesis for G x G, and 

(iii) G is abelian. 

Proof. The result (i) => (ii) is Theorem 11.31 while (iii) => (i) is well-known, i.e. 
A{G) = L^{G), in this case. Hence it remains to prove that (ii) => (iii). We will 
assume that G is non-abelian, and show that Aq is not of local synthesis for GxG. 

All Lie theoretic concepts and nomenclature, used in this proof, may be found 
in [HiNe] . We will show that when G is non-abelian, then Aq fails to be of local 
synthesis for GxG. Thanks to Theorem 11.61 and the fact that any G = G/T for 
a simply connected connected Lie group G and a discrete central subgroup F of G, 
we may restrict ourselves to the case of simply connected groups. 

Let G be simply connected with Lie algebra g. The Levi decomposition g = s-bc 
begets respective integral subgroups S and R of G, with S semisimple and R normal, 
and hence, essentially by the smooth splitting theorem, each is closed and simply 
connected. Given a Lie subalgebra m of g, in particular one of the algebras arising 
from Proposition 13.11 above, we let M be the integral subgroup generated by m. 
If m = su(2), so m C s, then M = SU(2)/G, where G is a subgroup of the centre 
{±1}, and hence M is closed. If m C s and is non-abelian and solvable, then 
M C AN (Iwasawa decomposition of S); or if m C r, then MGR. Any integral 
subgroup of a simply connected solvable group is closed and simply connected. 
Thus, corresponding to each of the solvable Lie algebras f, e, Qg or 1), as obtained in 
Proposition 13.11 above, we see that M is closed and isomorphic to one of the affine 
motion group F, the simply connected cover E of the Euclidean motion group E, 
Gelaud’s group Gg, or the Heisenberg group H. 
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Proposition 12.41 Theorem l2.51 Theorem l2.61 Theorem l2.81 and Theorem [231 and 
then Lemma EH tells us that Ah fails to be a set of (local) synthesis for H x H, 
for each oi H = SU(2), E, H'', Ge and F. Then, Theorem II.61 tells us the same for 
H = SU(2)/C', E and H. Hence applying Theorem 11.41 to the subgroup M of G, 
above, we obtain (ii). □ 

Let G be a locally compact group. The following is an immediate consequence 
of the restriction theorem for closed subgroups 7L, i.e. Rh{A(G)) = A{H) (see the 
comments before Theorem II.4p : and the fact that any quotient of a commutative 
weakly amenable Banach algebra is again weakly amenable. 

Corollary 3.3. Let G be a loeally compact group. If A{G) is weakly amenable, 
then any connected Lie subgroup of G is abelian. 

Example 3.4. Let us consider an example of a non-abelian solvable connected 
group which contains no non-abelian closed connected Lie subgroups. We consider 
a group related to the simply connected covering group, E = C x K, of the Euclidean 
motion group. 

We let denote the almost periodic compactification of the real line, and for 
each r in K we let Xr '■ —>■ T be the unique continuous character extending 

t !-->■ e®*’’ :]&—>■¥. We observe that the dual group is given by ]R“p = {xr : r G R} 
and is isomorphic to the discretized reals, Rd- If LC is a closed connected Lie 
subgroup of R“^', then K = T", where n = 0,1, 2,..., so iL = Z". On the other 
hand K is a quotient of Rd, and hence is either trivial or divisible. Thus K = {!}, 
and we conclude that R“p contains no non-trivial closed Lie subgroups. 

Now let E = C X R“^’ with multiplication given by 

{x,0{x',C) = {x + XiiOx'XO- 

We may think of this group as a partial compactification of E along its quotient 
subgroup. We note that q{x,C.) = (a;,xi(C)) defines a quotient homomomorphism 
from E onto E. For notation convenience we identify R®^ = {0} x R“p in E, and 
T = {0} X T in E, and we identify C with C x {1} in either E, or in E, as should 
be clear by context. Notice that g|c is a homeomorphism. 

We now show that E admits no non-abelian closed connected Lie subgroups. We 
hrst note that the proper Lie subalgebras of e are either one-dimensional, the two- 
dimensional ideal n = RXi -I- RX 2 , or {0}. Since every closed connected subgroup 
of E corresponds to a Lie subalgebra of e, we hnd that the one-dimensional closed 
connected subgroups are of the form 

Ms+x = exp(R(S' -h X)) = {((z - l)a;, z) : z G T} 
and Lx = exp(RX) = {{tx, 1) : t G R} 

where X G n with expX = (x, 1), while the only two-dimensional closed connected 
subgroup is C. Taking q~^{M) for each subgroup M of E, listed above, we get 

Ms+x = {((xi(C) - l)a;,C) : C € R®^}, Lx x keryi and C x keryi. 

Let E be a proper closed connected subgroup of E and Hq = H (IC. Notice that 
in E, q{Ho) = q^H) fl C = Hq. If Eq = C then for (a:, C) in E we have (0,^) = 
(—a;, l)(a;, C) & E fl R“^’, so the image of E under the quotient map (a;,^) >->■ 
is closed, and hence either the trivial group {1} or is non-Lie. If Eq C C, then 
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q{H) n C = Hq C C, and it follows that is a subgroup of one of the abelian 
groups Ms+xi Lx x kerxi or and hence is abelian. 

At present, we are aware of no method for determining if A{E) is weakly amenable. 

Acknowledgement. We are grateful to Spren Knudby for pointing out a flaw 
in an earlier version of the proof of Theorem 13.2[ and for guidance in correcting 
it. We also thank Yemon Choi for pointing out an error in a proposition which 
purported to reduce the problem to the case of pro-solvable Ge- We realized there 
was a serious gap in the proof and have deleted the proposition from the final 
version of the paper. 
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